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We introduce algebraic sets, which are determinantal varieties in
the complex projective spaces or the products of complex projective
spaces, for the mixed states in bipartite or multipartite quantum sys-
tems as their invariants under local unitary transformations. These in-
variants are naturally arised from the physical consideration of check-
ing mixed states by separable pure states. The algebraic sets of the
mixed states are independent of the eigenvalues and only measure
the geometric positions of the eigenvectors. Thus complex differential
and algebraic geometry of these new invariants turn to be powerful
tools for the study of quantum entanglement of both bipartie and
multipartite mixed states. The algebraic sets have to be the sum of
the linear subspaces if the mixed states are separable, and thus we
give a new eigenvalue-free criterion of separability. Examples of the
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entangled mixed states which are invariant under partial transposi-
tions (thus bound entanglement) are constructed systematically from
this new separability criterion. The relation of these invariants and
Schmidt numbers of the mixed states is anlysised and a lower bound
for Schmidt numbers of the generic mixed states is proved. We also
give a necessary condition based on these algebraic sets for the problem
of simulating Hamiltonians. Many examples of the entangled mixed
states with rich algebraic-geometric structure in their associated de-
terminantal varieties are constructed and studied from this point of
view.
1.Introduction
A bipartite pure quantum state jψ >2 H = HmA ⊗ HnB, where HA, HB are
nite dimensional Hilbert spaces and the tensor inner product is used on H ,
is called entangled if it cannot be written as jψ >= jψA > ⊗jψB > for some
jψA >2 HA and jψB >2 HB. A mixed state (or a density matrix) ρ, which
is a positive semidenite operator on H with trace 1, is called entangled if it
cannot be written as
ρ = ipiPjψAi > ⊗ PjψBi > (1)
,for some set of states jψAi >2 HA, jψBi >2 HB and pi  0. Here Pv for a
state (unit vector) v means the (rank 1) projection operator to the vector v.
If the mixed state ρ can be written in the form of (1), it is called separable
(see [28],[42]).
For the mixed state ρ on H = HA ⊗ HB ,we have the following partial
transposition ρPT and partial trace trB(ρ) (trA(ρ) can be dened similarly)
dened as follows.
< ijjρPT jkl >=< iljρjkj >
< ijtrB(ρ)jk >= j < ijjρjkj > (2)
,where ji >, jj >, jij >, i = 1, ..., m, j = 1, ..., n, are the standard orthogonal
basis of HA, HB, H respectively. It is easy to check that the denition is not
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dependent on the special base ([28],[42]).
For multipartite quantum system, there are similar denition of entan-
gled and separable mixed states (see [28],[42]). We restricted ourselves to the
case of tripartite case. Let ρ be a mixed state in H = HA ⊗HB ⊗HC. ρ is
called separable if it can be written as
ρ = ipiPjψAi > ⊗ PjψBi > ⊗ PjψCi > (3)
,for some set of states jψAi >2 HA, jψBi >2 HB, jψCi >2 HC and pi  0. If
the mixed state ρ cannot be written in the form of (3), it is called entangled.
Sometimes we also consider the separability relative to the cut A:BC (B:AC
etc.), that means ρ is considered as a mixed state in the bipartite quantum
system H = HA ⊗ (HB ⊗HC).
For a n-party quantum system H = Hm1A1 ⊗ ...⊗HmnAn , local unitary trans-
formations U (acting on a mixed state ρ by Uρ(U)τ , where * is complex
conjugate and τ is the (ordinary) transposition) are those unitary transfor-
mations of the form U = UA1 ⊗ ...⊗UAn, where UAi is a unitary transforma-
tion on HmiAi for i = 1, ..., n. We can check that all eigenvalues (spectra) of
ρ (global spectra) and , trAi1 ...Ail(ρ), where i1, ..., il 2 f1, ..., ng, (local spec-
tra) are invariant under local unitary transformations, and the invariants in
the examples of [33] and [34] are more or less spectra-involved. It is clear
that separability (or being entangled) is an invariant property under local
unitary transformations. For a mixed state ρ , to judge whether it is entan-
gled or separable and decide its entangled class (ie., the equivalent class of
all entangled (or separable) mixed states which are equivalent to ρ by local
unitary transformations) is a fundamental problem in the study of quantum
entanglement ([28],[42]).Thus for the purpose to quantify entanglement, any
good measure of entanglement must be invariant under local transforma-
tions ([33],[34],[28],[42]). Another important concept is the distillable mixed
state, which means that some singlets can be extracted from it by local quan-
tum operations and classical communications (LOCC) (see [28]). A mixed
state ρ in H is distillable if and only if for some t, there exists projections
PA : H
⊗t
A ! H2 and PB : H⊗tB ! H2, where H2 is a 2 dimensional Hilbert
space, such that the mixed state (PA⊗PB)ρ⊗t((P A)τ ⊗ (P B)τ ) is a entanlged
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state in H2 ⊗H2 (see [28]).
The phonomenon of quantum entanglement lies at the heart of quantum
mechanics, since the famous Einstein, Podolsky and Rosen [18] paper (see
[5],[38]). Its importance lies not only in philosophical considerations of the
nature of quantum theory, but also in applications where it has emerged
recently that quantum entanglement is the key ingredient in quantum com-
putation [16] and communication [17] and plays an important role in cryp-
tography ([17],[6],[7]).These new applications of quantum entanglement have
stimulated tremendous studies of quantum entanglements of both pure and
mixed states from both theoretical and experimental view, for surveys we
refer to [5],[28],[32],[38] and [42].
To nd good necessary condition of separability (separability criterion) is
the fundamental problem in the study of quantum entanglement ([28],[42]).
Bell’s inequality ([28]) and entropy criterion ([28]) are well-known numerical
criterion of separable states. In 1996, Peres [37] gave a striking simple cri-
terion which asserts that a separable mixed state ρ necessarily has positive
partial transposition (PPT), which has been proved by Horodeckis ([24]) also
a sucient condition of separability in 2 2 and 2 3 systems. The signif-
icance of PPT property is also reflected in the facts that PPT mixed states
satisfy Bell inequalities ([43]) and cannot be distilled ([28],[26]), thus the rst
several examples of the PPT entangled mixed states ([25]) indicated that the
new phenomenon there is bound entanglement in nature ([26]). These ex-
amples were constructed from the so-called range criterion of Horodecki (see
[25],[28]). However constructing PPT entangled mixed states (thus bound
entanglement) is exceedingly dicult task ([8]), and the only known system-
atic way of such construction is the context of unextendible product base
(UPB) in [8] and [14], which works in both bipartite and multipartite case
and is also based on Horodecki’s range criterion. The most recent disorder
criterion of separability in [36], which is stronger than entropy criterion, was
proved by the mathematics of majorization.
It has been realized that the entanglement of tripartite pure quantum
states is not a trivial extension of the entanglement of bipartite pure quantum
states ([21]). Recently C.H.Bennett etc., [9] studied the exact and asymp-
totic entanglement measure of multipartite pure states, which showed es-
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sential dierence to that of bipartite pure states. On the other hand Acin,
etc., [2] proved a generalization of Schmidt decomposition for pure triqubit
states, which seems impossible to be generalized to arbitrary multipartite
case . Basically, the understanding of multipartite quantum entanglement
for both pure and mixed states, is much less advanced.
It is clear that any separability criterion for bipartite mixed states , such
as Peres PPT criterion [37] and Horodecki range criterion ([25],[28]), can be
applied to multipartite mixed states for their separability under various cuts.
For example, from Peres PPT criterion, a separable multipartite mixed state
necessarily have all its partial transpositions positive. In [27], Horodeckis
studied the separability criterion of multipartite mixed states by linear maps.
Classication of triqubit mixed states inspired by Acin, etc., [2] was studied
in [3].
The physical motivation of this paper is as follows. We consider the fol-
lowing situation. Alice and Bob share a bipartite quantum system HmA ⊗HnB,
and they have a mixed state ρ. Now they want to understand the entangle-
ment properties of ρ. It is certain that they can prepare any separable pure
state φ1⊗φ2 seaprately. Now they measure ρ with this separable pure state,
the expectation value is < φ1 ⊗ φ2jρjφ1 ⊗ φ2 >. If Alice’s pure state φ1 is
xed, then < φ1⊗ φ2jρjφ1⊗φ2 > is a Hermitian bilinear form on Bob’s pure
states (ie., on HnB). We denote this bilinear form by < φ1jρjφ1 >. Intuitively
the \degenerating locus" V kA(ρ) = fφ1 2 P (HmA ) : rank(< φ1jρjφ1 >)  kg ,
where P (HmA ) is the projective space of all pure states in H
m
A , should contain
the physical information of ρ and it is almost obvious that these \degener-
ating locus" are invariant under local unitary transformations. In the multi-
partite case, a similar consideration leads to some Hermitian bilinear forms
on some of its parts and similarly we can consider the \degenerating locus"
of these Hermitian bilinear forms. We prove that these \degenerating locus"
are algebraic sets, which are determinantal varieties, for the mixed states in
both bipartite and multipartite quantum systems. They have the following
properties:
1) When we apply local unitary transformations to the mixed state the
corresponding algebraic sets are changed by local (unitary) linear transfor-
mations, and thus these invariants can be used to distinguish inequivalent
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mixed states under local unitary transformations;
2) The algebraic sets have to be linear (the sum of some linear subspaces)
if the mixed state is separable, and thus we give a new separability criterion;
3) The algebraic sets are independent of eigenvalues and only measure
the positions of eigenvectors of the mixed states;
4) These algebraic sets can be calculated easily.
From our construction here, we establish a connection between quan-
tum entanglement and algebraic geometry. Actually from our results be-
low, we can see that if the Fubini-Study metric of the projective complex
space is used, the metric properties of these algebraic sets are also preserved
when local unitary transformations are applied to the mixed state. Hence
we establish a connection between quantum entanglement and both the alge-
braic geometry and complex geometry of these algebraic sets. Any algebraic-
geometric or complex geometric invariant of the algebraic set of the mixed
state is an invariant of the mixed state under local unitary transformations.
The determinantal varieties ([23] Lecture 9 and [4] Cha.II) have been
studied by mathematicians from dierent motivations such as geometry of
curves ([4],[19]), geometry of determinantal varieties([20]), Hodge theory
([22]), commutative algebra ([15]) and even combinatorics ([1]). It is interest-
ing to see that it can be useful even in quantum information theory. We refer
to the books [23] and [4] for the standard facts about determinantal varieties.
The paper is organized as follows. We dene the algebraic sets of the
mixed states and prove their basic properties including the separability cri-
terion based on these algebraic sets in section 2. In section 3, we indicate
briefly how numerical invariants of the bipartite or multipartite mixed states
under local unitary transformations can be derived from these algebraic sets.
As an easiest example, Schmidt rank of pure states in bipartite quantum
systems, a classical concept in quantum entanglement, is showed to be the
codimention of the algebraic set. From our invariants, a LOWER bound
of Schmidt numbers of mixed states (dened in [41]) is given (Theorem 4),
which implies that the \generic" rank m mixed states on HmA ⊗ HmB have
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relatively high Schmidt numbers. Many examples of entangled mixed states
corresponding to the famous determinantal varieties in algebraic geometry,
such as Segre varieties, rational normal scrolls and generic determinantal va-
rieties are constructed in section 4. We also show that a well-known theorem
of D.Eisenbud ([20]) can help us to construct many entangled bipartite mixed
states of low ranks. In section 5 and 6, it is proved that these algebraic sets
are nonempty for low rank mixed states, and indicate how a \ner" result
with the same idea (Theorem 8’) can be potentially used to treat the entan-
glement properties of high rank mixed states. Based on the algebraic sets
introduced in section 2, a necessary condition about the simulating Hamilto-
nians using local unitary transformations is given in section 7. In section 8,
we give a continuous family of bipartite mixed states, tripartite pure states
and bipartite Hamiltonians with the property that the eigenvalues of them
and their partial traces are constant, however their entanglement properties
are distinct. This oers strong evidence that it is hopeless to characterize
the entanglement properties by only using eigenvalue spectra. In section 9,
we illustrate by an explicit example that our separability crieterion can be
used to construct PPT entangled mixed states (thus bound entanglement)
systematically.
2. Invariants and separabilty criterions
Now we use the coordinate form of the physical consideration of \degen-
erating locus" described in the introduction. Let H = HmA ⊗ HnB, the
standard orthogonal base be fjij >g, where, i = 1, ..., m and j = 1, ..., n,
and ρ be a mixed state on H . We represent the matrix of ρ in the base
fj11 >, ...j1n >, ..., jm1 >, ..., jmn >g, and consider ρ as a blocked matrix
ρ = (ρij)1im,1jm with each block ρij a n  n matrix corresponding to
the ji1 >, ..., jin > rows and the jj1 >, ..., jjn > columns. For any pure state
φ1 = r1j1 > +...+ rmjm >2 P (HmA ) the matrix of the Hermitian linear form
< φ1jρjφ1 > with the base j1 >, ..., jn > is i,jrirjρij. Thus the \degenerat-
ing locus" are dened as follows.
Definition 1.We define
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V kA(ρ) = f(r1, ..., rm) 2 CPm−1 : rank(i,jrirjρij)  kg (4)
where k = 0, 1, ..., n− 1.Similarly V kB(ρ)  CP n−1, where k = 0, 1, ..., m− 1,
can be defined.
Example 1. Let ρ = 1
mn
Imn, the maximally mixed state, we easily have
V kA(ρ) = f(r1, ..., rn) : rank(riri In)  kg = ; for k = 0, 1, ..., n− 1. This is
a trivial example.
Example 2. Let H = H2A ⊗ HnB, T1, T2 be 2 n  n matrices of rank
n − 1 such that the n  (2n) matrix (T1, T2) has rank n. Consider T 0 is a
2n2n matrix with 11 block T1, 22 block T2,12 and 21 blocks 0, and its rows
correspond to the standard base j11 >, ..., j1n >, j21 >, ..., j2n > of H . Let
ρ = 1
D
T (T )τ (where D is a normalizing constant) be a mixed state on H .
It is easy to check that ρ is of rank 2n−2 and V n−1A (ρ) = f(r1, r2) : r1r2 = 0g.
Let H = HmA ⊗ HnB ⊗ H lC . The standard orthogonal base is of H is
jijk >, where, i = 1, ..., m,j = 1, ..., n and k = 1, ..., l, and ρ is a mixed
state on H . We represent the matrix of ρ in the base fj111 >, ...j11l >
, ..., jmn1 >, ..., jmnl >g as ρ = (ρij,i0j0)1i,i0m,1j,j0n, and ρij,i0j0 is a l  l
matrix. Consider H as a bipartite system as H = (HmA ⊗ HnB) ⊗ H lC , then
we have V kAB(ρ) = f(r11, ..., rmn) 2 CPmn−1 : rank(rijri0j0ρij,i0j0)  kg
dened as above.This set is actually the \degenerating locus" of the Her-
mitian bilinear form < φ12jρjφ12 > on H lC for the given pure state φ12 =
m,ni,j rij jij >2 P (HmA ⊗ HnB). When the ner cut A:B:C is considered, it is
natural to take φ12 as a separable pure state φ12 = φ1 ⊗ φ2, ie., there exist
φ1 = ir
1
i ji >2 P (HmA ), φ2 = jr2j jj >2 P (HnB) such that rij = r1i r2j . In
this way the tripartite mixed state ρ is measured by tripartite separable pure
states φ1 ⊗ φ2 ⊗ φ3. Thus it is natural we dene V kA:B(ρ) as follows. It is the
\degenerating locus" of the bilinear form < φ1 ⊗ φ2jρjφ1 ⊗ φ2 > on H lC .



























Then V kA:B(ρ) is defined as the preimage φ
−1(V kAB(ρ)).
Similarly V kB:C(ρ), V
k
A:C(ρ) can be dened. In the following statement we
just state the result for V kA:B(ρ). The conclusion holds similarly for other V
0s.
For the mixed state ρ in the multipartite system H = Hm1A1 ⊗    ⊗HmkAk ,
we want to study the entanglements under the cut Ai1 : Ai2 : ... : Ail :
(Aj1...Ajk−l), where fi1, ..., ilg[fj1, ...jk−lg = f1, ...kg. We can dene the set
V kAi1 :...:Ail
(ρ) similarly.
Theorem 1.Let T = UA⊗UB, where UA and UB are the unitary transfor-
mations on HmA and H
n
B rescpectively. Then V
k





V kA(ρ) (resp. V
k
B (ρ)) is a “invariant” upto a linear transformation of CP
m−1
of the mixed state ρ under local unitary transformations.
Proof. Let UA = (u
A
ij)1im,1jm, and UB = (u
B
ij)1in,1jn, be the
matrix in the standard orthogonal bases. Then the matrix of T (ρ) under
the standard orthogonal base fj11 >, ..., j1n >, ..., jm1 >, ..., jmn >g, as a







V kA (T (ρ)) = f(r1, ..., rm) : rank(l,h(iriuAil)(jrjuAjh)UB(ρlh)(UB)τ )  kg (6)
We set r0l = iriu
A
















V kA(T (ρ)) = f(r1, ..., rm) : rank(lhr0l(r0h)(ρlh))  kg (8)
and our conclusion follows.
Theorem 1’.Let T = UA ⊗ UB ⊗ UC, where UA, UB and UC are uni-
tary transformations on HmA , H
n
B and H
l rescpectively. Then V kA:B(T (ρ)) =
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U−1A  U−1B (V kA:B(ρ)), that is V kA:B(ρ) is a “invariant” upto a linear transfor-
mation of CPm−1CP n−1 of the mixed state ρ under local unitary transfor-
mations.
Proof. Let UA = (u
A
ij)1im,1jm, UB = (u
B
ij)1in,1jn and UC =
(uCij)1il,1jl, be the matrix in the standard orthogonal bases.
Recall the proof of Theorem 1, we have VAB(T (ρ)) = (UA⊗UB)−1(VAB(ρ))


































for k = 1, ..., m, w = 1, ..., n. Thus our conclusion follows from the deni-
tion.
Similarly, we have the following result in general case.
Theorem 1”.Let T = UAi1⊗  ⊗UAil⊗Uj1...jk−l, where UAi1 , ..., UAil , Uj1...jk−l









⊗ ... ⊗ Hmjk−lAjk−l )
rescpectively. Then V kAi1 :...:Ail





Remark 1. Since U−1Ai1     U
−1
Ail
certainly preserves the standard Eu-
clid metric of complex linear space and hence the (product) Fubini-Study
metric of the product of projective complex spaces, all metric properties of
V kAi1 :...:Ail
(ρ) are preserved when the local unitary transformations are applied
to the mixed state ρ.
Moreover from the proof it is easy to see that all algebraic-geometric
properties (since V kA (ρ), V
k
B(ρ) are algebraic sets as proved in Theorem 2) of
V kA(ρ) (resp. V
k
B(ρ)) are preserved even under local linear inversible transfor-
mations (ie., T = UA ⊗ UB where UA, UB are just linear inversible operators




We observe V kA(ρ
PT ) = (V kA(ρ))
, where  is the conjugate mapping of
CPm−1 dened by (r1, ..., rm) = (r1, ..., rm). It is clear that this property
holds for other V ’s invariants.
Theorem 2 V kA(ρ) (resp. V
k
B (ρ)) is an algebraic set in CP
m−1 (resp.
CP n−1).
From Denition 2 and Theorem 2 we immediately have the following re-
sult.
Theorem 2’. V kA:B(ρ) is an algebraic set in CP
m−1  CP n−1.
The general result can be stated as follows.
Theorem 2”. V kAi1 :...:Ail
(ρ) is an algebraic set in CPmi1−1  CPmil−1.
It is easy to see from Denitions that we just need to prove Theorem 2.
Theorem 3 If ρ is a separable mixed state, V kA(ρ) (resp. V
k
B(ρ)) is a lin-
ear subset of CPm−1 (resp. CP n−1),ie., it is the sum of the linear subspaces.
In the following statement we give the separability criterion of the mixed
state ρ under the cut A:B:C. The \linear subspace of CPm−1CP n−1" means
the product of a linear subspace in CPm−1 and a linear subspace in CP n−1.
Theorem 3’.If ρ is a separable mixed state on H = HmA ⊗HnB⊗H lC under
the cut A:B:C, V kA:B(ρ) is a linear subset CP
m−1 CP n−1, ie., it is the sum
of the linear subspaces.
The general result can be stated as follows.
Theorem 3”.If ρ is a separable mixed state on H = Hm1A1 ⊗    ⊗ HmkAk
under the cut Ai1 : Ai2 : ... : Ail : (Aj1...Ajk−l), V
k
Ai1 :...:Ail
(ρ) is a linear subset
of CPmi1−1      CPmil−1,ie., it is the sum of the linear subspaces.
In the following we just prove Theorem 3 and Theorem 3’. The proof of
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Theorem 3" is similar.
For the purpose to prove Theorem 2 and 3 we need the following lemmas.
Lemma 1 We take the orthogonal base fe1, ..., ehg of a h dimension
Hilbert space H. Let ρ = tl=1plPvl, where vl is unit vector in H for l = 1, ..., t
, vl = 
h
k=1aklek and A = (akl)1kh,1lt is the h t matrix. Then the ma-
trix of ρ with the base fe1, ..., ehg is AP (A)τ , where P is the diagonal matrix
with diagonal entries p1, ..., ph.
Proof. We note that the matrix of Pvl with the base is α(α
)τ where
α = (a1l, ..., ahl)
τ is just the representation vector of vl with the base. The
conclusion follows immediately.
The following conclusion is a direct matrix computation from Lemma 1
or see [25].
Corollary 1 Suppose pi > 0, then the image of ρ is the linear span of
vectors v1, ..., vt.
Now let H be the HmA ⊗ HnB ,fe1, ..., emng be the standard orthogonal
base fj11 >, ..., j1n >, ..., jm1 >, ..., jmn >g and ρ = tl=1plPvl be a mixed
state on H . We may consider the mn  t matrix A as a m  1 blocked
matrix with each block Aw, where w = 1, ..., m, a n  t matrix correspond-
ing to fjw1 >, ..., jwn >g. Then it is easy to see ρij = AiP (Aj)τ , where
i = 1, ...m, j = 1, ..., m. Thus
rir









jρij is a (semi) positive definite n  n matrix. Its rank
equals to the rank of (riAi).
Proof. The rst conclusion is clear. The matrix rir

jρij is of rank k if














Since P is a strictly positive denite matrix,our conclusion follows imme-
diately.
Proof of Theorem 2. From Lemma 1 , we know that V kA(ρ) is the zero
locus of all (k+1)(k+1) submatrices of (riAi). The conclusion is proved.
Because the determinants of all (k+1)(k+1) submatrices of (riAi) are
homogeneous polynomials of degree k+ 1 , thus V kA (ρ)(resp. V
k
B (ρ)) is an al-
gebraic subset (called determinantal varieties in algebraic geometry [18],[20])
in CPm−1(resp. CP n−1).
The point here is: for dierent representations of ρ as ρ = jpjPjvj> with
pj’s positive real numbers, the determinantal varieties from their correspond-
ing iriAi’s are the same.
Now suppose that the mixed state ρ is separable,ie, there are unit product
vectors a1⊗b1, ...., as⊗bs such that ρ = sl=1qlPjal⊗bl> , where q1, ...qs are pos-
itive real numbers. Let au = a
1
uj1 > +...+ amu jm >, bu = b1uj1 > +...+ bnujn >
for u = 1, ..., s. Hence the vector representation of au⊗ bu with the standard
base is au⊗ bu = ijaiubjujij >. Consider the corresponding mn s matrix C
of a1⊗ b1, ..., as⊗ bs as in Lemma 1, we have ρ = CQ(C)τ , where Q is diag-
onal matrix with diagonal entries q1, ..., qs. As before we consider C as m1
blocked matrix with blocks Cw, w = 1, ...m. Here Cw is a n s matrix of the




j)1in,1js = BTw , where B = (b
i
j)1in,1js is a n  s
matrix and Tw is a diagonal matrix with diagonal entries a
w
1 , ..., a
w
s . Thus






τ )(B)τ = BTij(B)τ ,






















Here we note rir










.Thus rirjρij = BGQ(G
)τ (B)τ ,





Q is a strictly positive denite matrix, from Lemma 1 we know that rir

jρij
is of rank smaller than k + 1 if and only if the rank of BG is strictly smaller
than k + 1. Note that BG is just the multiplication of s diagonal entries
of G (which is linear forms of r1, ..., rm) on the s columns of B, thus the
determinants of all (k+1)(k+1) submatrices of BG (in the case s  k+1,
otherwise automatically linear)are the multiplications of a constant (possibly
zero) and k + 1 linear forms of r1, ..., rm. Thus the conlusion is proved.
From Lemma 1 and the proof of Theorem 2 and 3 , iriAi play a key
role. If we take the standard ρ = rj=1pjPjϕj>, where pj, jϕj >, j = 1, ..., r
are eigenvalues and eigenvectors, the corresponding iriAi measures the \ge-
ometric position" of eigenvectors in HmA ⊗HnB. It is obvious from the proof of
Theorem 2, the non-local invariants dened in Denition 1 are independent
of p1, ..., pr , the global eigenvalue spectra of the mixed states.
Proof of Theorem 3’. We rst consider the separability of ρ under
the cut AB:C,ie., ρ = gf=1pfPaf⊗bf , where af 2 CmA ⊗ CnB and bf 2 C lC for
f = 1, ..., g. Consider the separability of ρ under the cut A:B:C, we have
af = a
0
f ⊗ a00f , a0f 2 CmA , a00f 2 CmB . Let af = (a1f , ..., amnf ), a0f = (a01f , ..., a0mf )
and a00f = (a
001
f , ..., a
00n
f ) be the coordinate forms with the standard orthogonal
basis fjij >g, fji >g and fjj >g respectively, we have that aijf = a0ifa00jf . Re-
























Thus as argued in the proof of Theorem 3 , V A:BAB (ρ) has to be the zero




It is a standard fact in algebraic geometry that V 0s dened in section 2
are the sum of irreducible algebraic varieties( components). For example,
V kA(ρ) = V1 [    [ Vt. From Theorem 1 and Remark 1, we know that t is
a numerical invariant of ρ when local linear inversible transformations are
applied to ρ. Actually, since there are a lot of numerical algebriac-geometric
invariants of these components, e.g., dimensions, cohomology classes (repre-
sented by Vi’s in H
(CPm−1), cohomology rings of Vi’s, etc. We can get many
numerical invarints of the mixed state when local linear inversible transfor-
mations are applied to them. In this way, we get a very powerful tool of
numerical invarints to distinguish the entangled classes of the mixed states
in a composite quantum systems.
On the other hand , if local unitary transformations are applied to the
mixed states, it is known that even the metric properties of V 0s (the metric
on V 0s is from the standard Fubini-Study metric of projective spaces) are
invariant. Thus any complex dierential geometric quantity, such as, the
volumes of Vi’s, the integrations (over the whole component) of some cur-
vature functions of Vi’s, are the invariants of the mixed states under local
unitary transformations.
For pure states in bipartite quantum systems jv >2 HmA ⊗HnB, there exist
orthogonal base jφ1 >, ..., jφm > of HmA and orthogonal base jψ1 >, ..., jψn >
of HnB , such that, jv >= λ1jφ1 > ⊗jψ1 > +    + λdjφd > ⊗jψd >, where
d  minfm,ng. This is Schmidt decomposition (see [38]). It is clear that d is
an invariant under local unitary transformations. This number is called the
Schmidt rank of the pure state jv >. Schmidt rank of pure states in a bipartite
quantum systems is a classical concept in quantum entanglement, it is ac-
tually the codimension of the invariant V 0A(ρ) for the pure state ρ = jv >< vj.
Let ρ = Pjv> be a pure state in HmA ⊗HnB with m  n. From Theorem 1
about the invariance of V 0A(ρ), we can compute it from its Schmidt decom-
position jv >= di=1λijφi > ⊗jψi >. It is clear that V 0A(ρ) = f(r1, ..., rm) 2
CPm−1 : (λ1r1, ..., λdrd, 0, ..., 0)τ = 0g.
Proposition 1. For the pure state ρ = jv >< vj, d = m if and only if
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V 0A(ρ) = ; and d = m− 1− dim(V 0A(ρ)) if d  m− 1.
In this way we show that Schmidt rank is just the codimension of the
algebraic set, and thus it seems intersting to study the quantity m − 1 −
dim(V kA(ρ)) for mixed states, since it is non-local invariant and the general-
ization of the classical concept of Schmid rank of pure states.
In [41] (also see [39]), Schmidt number of mixed states was introduced as
the minimum Schmidt rank of pure states that are needed to construct such
mixed states. For a bipartite mixed state ρ, it has Schmidt number k if and
only if for any decomposition ρ = ipiPjvi> for positive real numbers pi’s and
pure states jvi >’s, at least one of the pure states jvi >’s has Schmidt rank
at least k, and there exists such a decomposition with all pure states jvi >’s
Schmidt rank at most k.
From our invariants, a LOWER bound of Schmidt numbers of mixed
states is given as in following Theorem 4, which implies that the \generic"
rank m mixed states on HmA ⊗HmB have relatively high Schmidt numbers.
Theorem 4. Let ρ be a mixed state on HmA ⊗HmB of rank r and Schmidt
number k. Suppose V m−tA (ρ) = ;, then k  mr−m+t .
Proof. Take a representation ρ = ti=1piPjvi> with pi’s positive, and the
maximal Schmidt rank of vi’s is k. We observe that it is only needed to take
r linear independent vectors in fv1, ..., vtg to compute the rank of iriAi in
Lemma 1, since the columns in iriAi corresponding to the remaining t− r
vectors are linear dependent on the columns corresponding to these r linear
independent vectors. For the purpose that the rank of these r columns in
iriAi is not bigger than m − t, we just need r − m + t of these columns
are zero. On the other hand, from Proposition 1, the dimension of the lin-
ear subspace (r1, ..., rm) 2 HmA , such that the corresponding column of vi in
iriAi is zero, is exactly m − k(vi) where k(vi) is the Schmidt rank of vi.
Thus we know that there is at least one nonzero (r1, ..., rm) such that iriAi
is of rank smaller than m−t+1 if m > k(r−m+t). The conclusion is proved.
The physical implication of Theorem 4 is interesting. We apply it to the
rank lt mixed states on H ltA ⊗H ltB with t  l. From the Proposition in p.67
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of [4] (or see Proposition 4 below), V
(l−1)t
A (ρ) of the \generic" rank lt mixed
states ρ’s has codimension t2 > lt− 1 in CP lt−1, thus empty. We know that
the Schmidt numbers of these generic rank lt mixed states are at least l.
Hence we have the following result.
Corollary 2. For rank n2 generic mixed states in a bipartite quantum
system Hn
2
A ⊗Hn2B , their Schmidt numbers are greater than or equal to n.
For example, to construct the \generic" rank 9 mixed states on H9A⊗H9B,
pure states of Schmidt rank at least 3 have to be used.
For any pure state in a bipartite quantum system H = HmA ⊗HnB , it can
be written as a linear combination of at most minfm,ng 2-way orthogonal
separable pure states ([38],[9]) from Schmidt decomposition. For multipar-
tite pure states, there is no direct generaliztion of Schmidt decomposition,
and those multipartite pure states with a m-way orthogonal decompositions
can be distilled to cat states (see [9]). From the results in [2], it is known
that we need at least 5 terms of \orthogonal" separable pure states to write
a generic pure state in H2A⊗H2B ⊗H2C as a linear combination of them. This
phenomenon is a remarkable dierence between bipartite pure state entangle-
ment and multipartite pure state entanglement. In the following statement
it is showed what happens for generic pure states in Hn
2
A ⊗Hn2B ⊗Hn2C .
Theorem 5.For a generic pure state jψ >= n2i=1λijψ12i > ⊗jψ3i > in
a tripartite quantum system Hn
2
A ⊗ Hn2B ⊗ Hn2C , where jψ31 >, ..., jψ3n2 > are
mutually orthogonal unit vectors in Hn
2
C and jψ121 >, ..., jψ12n2 > are pure states
in Hn
2
A ⊗ Hn2B , then there exists one of jψ121 >, ..., jψ12n2 > with Schmidt rank
at least n.
Proof. It is clear that trC(jψ >< ψj) = n2i=1jλij2Pjψ12i > is a generic
rank n2 mixed state in Hn
2
A ⊗ Hn2B . From Theorem 4 , at least one of
jψ121 >, ..., jψ12n2 > has Schmidt rank (as a pure state in Hn
2
A ⊗ Hn2B ) at least
n. Thus our conclusion is proved.
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4. Examples
Now we give some examples to show how to use Theorem 1,2,3 to construct
and distinguish the entangled classes of the mixed states.
Example 3. Let H = HmA ⊗ HnB and ρa1,...,an = 1n(ni=1Pai⊗ji>), where
ai, i = 1, ..., n are unit vectors in H
m
A . This is a rank n separable mixed
state. Suppose that ai = (a
1
i , ..., a
m
i ) for i = 1, ..., n with the standard base
j1 >, ..., jm > of HmA . Let li(r1, ..., rm) = a1i r1 + ...+ami rm for i = 1, ..., n be n
linear forms. It is easy to check that V n−1A (ρ) = f(r1, ..., rm) : l1    ln = 0g.
Proposition 2. The mixed states ρa1,...,an and ρb1,...,bn are equivalent
under the local unitary transformations if and only if there exists a uni-
tary transformation UA on H
m
A such that the n vectors b1, .., bn are exactly
UA(a1), ..., UA(an),ie.,bi = UA(aij ), where fi1, ..., ing = f1, ..., ng.
Proof. The \if" part is clear. Let l0i(r1, ..., rm) = b
1
i r1 + ... + b
m
i rm for
i = 1, ..., n. Then V n−1A (ρa1,...,an) (resp. V
n−1
A (ρb1,...,bn) )are the union of n
hyperplanes dened by li = 0 (resp. l
0
i = 0) for i = 1, ..., n. It should be
noted here these hyperplances are counted by multiplicities. From Theorem
1 we get the conclusion.
Segre variety n,m , which is the image of the following map, σ : CP
n 
CPm ! CP (n+1)(m+1)−1 where σ([X0, ..., Xn], [Y0, ..., Ym]) = [..., XiYj, ...], is
a famous determinantal variety (see [23], pp.25-26). It is clear that Segre va-
riety is irreducible and not a linear subvariety. We consider the Segre variety
1,m in the case n = 1, actually 1,m = f(r1, ..., r2n) : rank(M)  1g where
M is
(
r1 r2 ... rn
rn+1 rn+2 ... r2n
)
(14)
Example 4 (entangled mixed state from Segre variety). Let
H = H2mA ⊗ H2B, φi = 1p2(ji1 > +jm + i, 2 >) for i = 1, ..., m and ρ =
1
m
(Pφ1 + ...+Pφm). This is a mixed state of rank m. By computing iriAi as
in the proof of Theorem 2, we easily get V 1A(ρ) = 1,m. Thus ρ is a entangled
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mixed state.
The rank 1 locus Xl,n−l−1 = frank(R)  1g of the following 2 (n− 1)
matrix R
(
r0 ... rl−1 rl+1 ... rn−1
r1 ... rl rl+2 ... rn
)
is the rational normal scroll (see p.106 [23]). The mixed states corre-
sponding to them are as follows.
Example 5 (entangled mixed state from rational normal scroll).




(jl − 1, 1 > +jl, 2 >),φl+1 = 1p2(jl + 1, 1 > +jl + 2, 2 >),...,φj =
1p
2
(jj1 > +jj + 1, 2 >),...,φn−1 = 1p2(jn − 1, 1 > +jn2 >). We consider the
mixed state ρl =
1
n−1(Pφ1 + ... + Pφn−1) of rank n− 1 on H . It is clear from
section 2 V 1A(ρ) = Xl,n−l−1  CP n. From the well-known fact in algebraic
geometry (see pp.92-93 of [23]) we have the following result.
Proposition 3. The mixed states ρl, l = 1, ..., [
n−1
2
] are entangled and ρl
and ρl0 for l 6= l0 are not equivalent under local unitary transformations.
We need to recall a well-known result in the theory of determinantal va-
rieties (see Proposition in p.67 of [4]). Let M(m,n) = f(xij) : 1  i 
m, 1  j  ng (isomorphic to CPmn−1) be the projective space of all m n
matrices. For a integer 0  k  minfm,ng, M(m,n)k is dened as the
locus fA = (xij) 2 M(m,n) : rank(A)  kg. M(m,n)k is called generic
determinantal varieties.
Proposition 4. M(m,n)k is an irreducible algebriac subvariety of M of
codimension (m− k)(n− k).
Now we construct a mixed state ρ with V m−1A (ρ) = M(m,n)(m−1) with
m  n.
Example 6 (generic entangled mixed state). Let H = HmnA ⊗
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HmB ,where m  n, and Aij , i = 1, ..., m, j = 1, ...n be m  n matrix with
only nonzero entry at ij position equal to 1. Let A be a m2n  n matrix
with ij block Aij . Here the k-th row of Aij in A corresponds to the base
element jij, k > of H . Let ρ = 1
D
A(A)τ be a mixed state on H(Here D is a
normalizing constant). It is a rank n mixed state.
It is easy to compute ijrijAij = (rij)1im,1jn (up to a constant).
Thus we have V m−1A (ρ) = M(m,n)(m−1). From Proposition 4 and Theorem
3, ρ is a entangled mixed state.
Example 7. Let H = HmA ⊗HnB ⊗HmC , φl = 1mmi=1jili > for l = 1, ..., n
and ρ = 1
n
(Pφ1 + ... + Pφn) be a rank n mixed state on H . It is clear that
under the cut B:AC, ρ is separable. However, under the cut AB:C, we can
check that ρ is just the mixed state in Example 6 and thus entangled. Sim-
ilarly under the cut A:BC, ρ is also the mixed state in Example 6 and thus
entangled. Hence this is a mixed state on tripartite quantum system with
the property that it is separable under B:AC cut and entangled under AB:C
and A:BC cuts.
Example 8 (entangled mixed states from Eisenbud Theorem
[20]). Let H = HhA⊗HmB , where h  nm−m+1 and n  m are positive inte-
gers, Ai, i = 1, ..., h be mn matrix with the property: the space M of linear
forms (of r1, ..., rh) spaned by the entries of T (r1, ..., rh) = iriAi is of dimen-
sion h. Let A be the hmn matrix with i-th block Ai. Here the k-th row of
Ai in A corresponds to the base element jik > of H . Let ρ = 1DA(A)τ ( D
is a normalizing constant) be a (rank n) mixed state on H . From the proof
of Theorem 2 we have V m−1A (ρ) = f(r1, ..., rh) : rank(T (r1, ..., rh))  m− 1g
Theorem 6. ρ is a entangled mixed state.
Proof. It is clear that M(m,n) is 1-generic (see [20],p.548) We can see
that the space M has codimension (in M(m,n)) smaller or equal to m − 1
(here v = n, w = m, k = m − 1 as refered to Theorem 2.1 in p.552 of [20]).
From denition it is clear that VA(ρ) is just Mm−1 , which is reduced and
irreducible and of codimension m− 1 in M(m,n) from Theorem 2.1 of [20].
The conclusion is proved.
20
Eisenbud Theorem (Theorem 2.1 in [20] and thus Theorem 6 here) oer
a general method to construct many entangled states of low ranks, since the
condition about M is not a very strong restriction.
Example 9 (Bennett-DiVincenzo-Mor-Shor-Smolin-Terhal ’s mixed
state from UPB [8] and [14]) Let H = H2A ⊗ H2B ⊗ H2C , φ+ = 1p2(j1 >
+j2 >), φ− = 1p2(j1 > −j2 >). Consider the linear subspace T spaned by
the following 4 vectors j1 > ⊗j2 > ⊗φ+, j2 > ⊗φ+ ⊗ j1 >, φ+ ⊗ j1 > ⊗j2 >
, φ− ⊗ φ− ⊗ φ−. Now P is the projection to the complementary space T? of
T and ρ = 1
D
P is a rank 4 PPT mixed state on H . It is proved in [10] that
ρ is entangled under the cut A:B:C (thus bound entanglement), however,
it is separable under the cuts A:BC,B:AC,C:AB. Now we can compute its
invariants V 1AB(ρ) and V
1
A:B(ρ). It is easy to see from Theorem 3 that V
1
AB(ρ)
should be linear, however we can see that V 1A:B(ρ) is also linear from our
computation below, though it is entangled under the cut A:B:C.
It is easy to check that the following 4 vectors j010 > −j011 >, j100 >
−j110 >, j001 > −j101 >, j000 > −j111 > are the base of T?. Thus the
matrix A is of the following form (with rows correspond to j000 >, j001 >
, j010 >, j011 >, j100 >, j101 >, j110 >, j111 >)


0 0 0 1
0 0 1 0
1 0 0 0
−1 0 0 0
0 1 0 0
0 0 −1 0
0 −1 0 0




and ijrijAij is of the following form
(
r01 r10 − r11 0 r00
−r01 0 r00 − r10 −r11
)
(16)
Thus V 1AB(ρ) is the union of the following 3 points (1 : 1 : 0 : 0), (0 : 1 : 0 :
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1), (0 : 0 : 1 : 0) in CP 3 and V 1A:B(ρ) is union of CP
1  (1 : 0), (0 : 1) CP 1
and (1 : 0) (0 : 1) in CP 1  CP 1.
5. Non empty theorems
In this section, we prove that the determinantal varieties introduced in sec-
tion 2 are not empty for low rank mixed states.
Theorem 7. Let H = HmA ⊗HnB be a bipartite quantum system and ρ is
a rank r mixed state on H with r  m+ n− 2. Then V n−1A (ρ) and V m−1B (ρ)
are not empty.
Proof. We take \the standard representation" ρ = ri=1piPvi , where
p1, ..., pr, v1, ..., vr are eigenvalues and eigenvectors of ρ and r = rank(ρ).
Recall the proof of Theorem 2, V n−1A (ρ) is the locus of the condition that
iriAi has its rank smaller than n. Thus from Proposition 4 above we
know that the codimension of V n−1A (ρ) in CP
m−1 is smaller or equal to
(n−(n−1))(r−(n−1)) = r−n+1. Hence dim(VA(ρ))  m−1−r+n−1  0
and V n−1A (ρ) is not empty. The conclusion for V
m−1
B (ρ) can be proved simi-
larly.
The following result is a direct result from Theorem 4 and Denition.
Theorem 7’ Let H = Hm1A1 ⊗  ⊗HmnAn be n-party quantum system and ρ
is a mixed state on H. Suppose rank(ρ)  mi1   mil +mj1   mjn−l − 2 for




(ρ) is not empty.
However we cannot have a similar result of nonemptyness of V ’s for gen-
eral high rank mixed states.
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6. A relation of determinants
As indicated in section 2, we can have the following statement from Lemma 2.
Theorem 8. Let H = HmA ⊗ HnB be a bipartite quantum system and
ρ = tl=1plPvl = 
s
l=1qlPv0l be a mixed state with two “representations” as
linear combinations of projections with p1, ..., pt, q1, ..., qs > 0. Let A (resp.
A0 ) be the mn t (resp. mn s) matrix of vectors v1, ..., vt (resp. v01, ..., v0s)
in the standard base j11 >, ..., j1n >, ..., jm1 >, ..., jmn > as in Lemma 1.
We represent A (resp.A0) as m  1 blocked matrix with blocks A1, ..., Am
(resp.A01, ..., A
0
m). Then the determinantal varieties defined by the conditions
that the ranks of R = iriAi and R
0 = iriA0i are smaller than n are the
same.
Actually we can get more information about the determinants of nnma-
trices of iriAi and iriA
0
i from the proof of Theorem 2 and 3. This relation
seems to be helpful to extract information of ρ’s one unknown \representa-
tion" from its another known \representation", as in the proof of Theorem
3.
Theorem 8’. Let H, ρ, p1, ...pt, q1, ..., qs, A, A
0, R,R0 be as above and Ri1,...in
(resp. R0i01,...,i0n) be the n  n submatrix of R (resp. R0) consisting of i1 <
... < in (resp.i
0
1 < ... < i
0
n)-th columns, where i1, ..., in 2 f1, ...tg and
i01, ..., i
0
n 2 f1, ..., sg are distinct indices. Then we have
i1<...<inpi1 ...pin jRi1,...,inj2 = i01<...<i0nqi01 ...qi0n jR0i01,...,i0nj2 (17)
.
The above result follows from the following Lemma immediately, Since
both sides of the equality are just det(ijrir

jHij).
Lemma 3 (Binet-Cauchy formula). Let B be a n  t matrix with
t > n and Bi1,...,in be the n n submatrix of B consisting of i1 < ... < in-th
columns. Then det(B(B)τ ) = i1<...<injdetBi1,..,inj2.
It is clear that Theorem 2 and 3 follow from Theorem 8’ here immediately.
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The following result is previously known in [29],[30] and [31].
Proposition 5. Let H = HnA ⊗ HnB , ρ = 1nni=1piPai⊗bi where a1, ..., an





pose that ρ = 1
t
ti=1qiPci⊗di is another representation of ρ as a convex com-
bination with qi’s positive, then actually we have t = n and fa1 ⊗ b1, ..., an⊗
bng = fc1 ⊗ d1, ..., cn ⊗ dng.
Proof. We apply Theorem 8’ to the 2 \representations" here. First of
all, we know that ijrir

jHij is (upto a nonzero constant)the square of the





i jj > is the coordinate form of bi for i = 1, ..., n, from one known
\representation". Thus we know from Theorem 8’ that there are at least n
vectors in fd1, ..., dtg , without loss of generality, suppose they are d1, ..., dn,
are just b1, ..., bn. Using Theorem 8’ for the second factor and consider the
1, ..., n-th columns of R0 , this implies that the multiplication of the lin-
ear forms c1(r1, ...rn), ..., cn(r1, ..., rn) are just the multiplication of the linear
forms a1(r1, ..., rn), ..., an(r1, ..., rn). Hence we know that the set fc1, ..., cng
are just the set fa1, ..., ang.
On the other hand it is easy to see that ai ⊗ bj with i 6= j is not in
the linear span of a1 ⊗ b1, ..., an ⊗ bn, since a1, .., an and b1, ..., bn are linear
independent. Thus ci = ai from Corollary 1.
Applying Theorem 8’ to other columns of R and R0 by a similar argu-
ment, we have cj 2 fa1, ..., ang and dj 2 fb1, ..., bng. Since ai ⊗ bj with i 6= j
cannot be in the image of ρ, we know that cj⊗dj has to be the form aij ⊗bij .
The conclusion is proved.
Remark 2. If we compute V n−1A (ρ) from the representation of ρ ’s stan-
dard form, ie., linear sum of projections to its eigenvectors, it can be seen that
our invariants dened in section 2 do not dependent on eigenvalues (p1, ..., pt
in section 2). However the information of p1, ..., pt or eigenvalues is certainly
reflected in Theorem 8’ here. Thus Theorem 8’ might be more useful in de-
termining whether a given mixed state is entangled or not, provided that we
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know how to extract sucient information from Theorem 8’.
Remark 3. As showed in Example 1, our invariants might be empty set
for high rank mixed states, however it seems that Theorem 7’ is still useful
in determining whether a given high rank mixed state is entangled or not,
provided that we know how to extract information from Theorem 8’.
7. Simulation of Hamiltonians
Historically, the idea of simulating Hamiltonian (self-adjoint operators on the
Hilbert space corresponding to the quantum system , see [38]) time evolutions
was the rst motivation for quantum computation because of the famous pa-
per of Feynman. Recently the ability of nonlocal Hamiltonians to simulate
one another is a popular topic , which has applications in quantum control
theory, quantum compuation and the task of generating enatnglement . For
the general treatments of this topic and the references, we refer to [10].
We recall the denition in [10]. Let H and H 0 be bipartite Hamiltonians
on HmA ⊗HnB, H 0 can be eciently simulated by H , write as H 0 C H , if the
evolution according to e−iH
0t0 for any time t0 can be obtained by using the
interaction H for the same period of time t0 by manipulating HmA ⊗HnB using
the appropriate operations in the class C.
In this section, we are mainly interested in the case that the class C is the
class of all local untary transformations (LU), ie., any operation in C is of
the form UA⊗UB, where UA, UB are the unitary transforamtions in HmA , HnB




1⊗V 1 )τ+...+ts(Us⊗Vs)H(Us⊗V s )τ ), where





respectively. From [10], it is known that actually the set fH 0 : H 0 LU Hg
is precissely the convex hull of the set fU ⊗ V H(U ⊗ V )τg, ie, H 0 LU H
if and only if there exist positive numbers p1, ..., ps with p1 + ... + ps = 1
and unitary transformations U1, ..., Us of H
m
A and unitary transformations
V1, ..., Vs of H
n
B, such that, ipi(Ui ⊗ Vi)H(Ui ⊗ V i )τ = H 0.
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We can have the following necessary condition about the simulation of
positive Hamiltonians based on the algebraic sets introduced in section 2.
Theorem 9. Let H and H 0 be the positive Hamiltonians in the bipar-
tite quantum system HmA ⊗ HnB with the same rank, ie., dim(range(H)) =
dim(range(H 0)). Suppose that H 0 LU H, that is , H 0 can be simulated by




for k = 0, ..., n − 1 and V kB (H) = V kB(H 0) for k = 0, ..., m − 1, here equality
of algebraic sets means they are isomorphic via projective linear transforma-
tions of complex projective spaces.
The following obsevation about the computation of V kA(ρ) is the the key
point of the proof of Theorem 9. From Corollary 1 if ρ = tipiPvi with pi’s
positive real numbers, the range of ρ is the linear span of vectors v1, ..., vt.
We take any dim(range(ρ)) linear independent vectors in the set fv1, ..., vtg,
say they are v1, ..., vs , where s = dim(range(ρ)). Let B be the mn  s
matrix with columns corresponding to the s vectors v1, ..., vs’s coordinates
in the standard base of HmA ⊗HnB. We consider B as m  1 blocked matrix
with blocks B1, ..., Bm n  s matrix as above. It is clear that V kA(ρ) is just
the zero locus of determinants of all (k+1) (k+1) submatrices of mi riBi,
since any column in iriAi is a linear combination of columns in iriBi.
Proof of Theorem 9. Suppose H 0 LU H , then there exist positive
numbers p1, ..., ps and local unitary transformations U1 ⊗ V1, ..., Us ⊗ Vs,
such that, ipiUi ⊗ ViH(Ui ⊗ V i )τ = H 0. Let H = si qiPψi, where s =
dim(range(H)) , q1, ..., qs are eigenvalues of H and ψ1, ..., ψs are eigenvectors
of H . Then it is clear that (Ui ⊗ Vi)H(Ui ⊗ V i )τ = sjqjP(Ui⊗Vi)ψj and thus
H 0 = i,jpiqjP(Ui⊗Vi)ψj . This is a representation of H
0 as a convex combina-
tion of projections. From our above observation V kA (H
0) can be computed
from vectors (U1 ⊗ V1)ψ1, ..., (U1 ⊗ V1)ψs , since they are linear independent
and s = dim(range(H 0)). Hence V kA(H
0) = V kA((U1 ⊗ V1)H) from the deni-
tion. Thus the conclusion follows from Theorem 1.
Example 10. Let H = λ1Pψ1 + λ2Pψ2 and H
0 = λ01Pψ01 + λ
0
2Pψ02 be two













(j11 > +j22 >)
ψ02 = j12 >
(18)
Then we know H and H 0 are two rank 2 Hamiltonians. It is easy to
compute that V 1A(H) is the algebraic set of two points (1 : 0) and (0 : 1) in
CP 1 and V 1A(H
0) is the algebraic set of one point (0 : 1) in CP 1. Hence we
cannot have H 0 LU H from the Theorem 9.
8. A continuous family of states and Hamilto-
nians related to elliptic curves
From physical point of view, it is very interesting to have isospectral (ie.,
eigenvalues of ρ, trA(ρ), trB(ρ) are the same) mixed states , but they are not
equivalent under local unitary transformations. This phenomenon indicates
that we cannot obetain a complete understanding of a bipartite quantum
system by just studying the local and global properties of the spectra of the
system. Some examples of such mixed states have been found by several
physicists (see Nielsen and Kempe [36]). Here we give a continuous family of
such mixed states.
Let H = H3A ⊗ H3B and ρη1,η2,η3 = 13(Pv1 + Pv2 + Pv3) (η1, η2, η3 are real












(eiη3 j13 > +j21 > +32 >)
(19)

















3 − (eiη1 + eiη2 +
eiη3)r1r2r3 = 0 in CP
2. With ei(η1+η2+η3)/3r1 = r
0









r01r2r3 = 0. This family of elliptic curves is just V
2
A(ρη1,η2,η3).
It is easy to check that 3 nonzero eigenvalues of ρη1,η2,η3, trA(ρη1,η2,η3), trB(ρη1,η2,η3)
are all the same value 1
3
for dierent parameters. In this case we have
a family of isospectral (both global and local) mixed states ρη1,η2,η3 . Set




Theorem 10. ρη1,η2,η3 is entangled mixed state when (g(η1, η2, η3))
3 6=
0,−216, 27. Moreover ρη1,η2,η3 and ρη01,η02,η03 are not equivalent under local
unitary transformations if k(g(η1, η2, η3)) 6= k(g(η01, η02, η03)), where k(x) =
x3(x3+216)3
(−x3+27)3 is the moduli function of elliptic curves.
Proof. The conclusion from Theorem 3,1 and the well-known fact about
elliptic curves (see [11])
From Theorem 10 we give continuous many isospectral non-local-equivalent
rank 3 mixed states in H .
In [35] Nielsen gave a beautiful necessary and sucient condition for the
pure state jψ > can be transformed to the pure state jφ > in bipartite quan-
tum systems by local operations and classical communications (LOCC) based
on the majorization between the eigenvalue vectors of the partial traces of
jψ > and jφ >. In [9] an example was given, from which we know that
Nielsen’s criterion cannot be generalized to multipartite case, 3EPR and
2GHZ are understood as pure states in a 4  4  4 quantum system, they
have the same eigenvalue vectors when traced over any subsystem. However
it is proved that they are LOCC-incomparable in [9]
In the following example, a continuous family fφgη1,η2,η3 of pure states in
tripartite quantum system H3A1⊗H3A2⊗H3A3 is given, the eigenvalue vectors of
28
trAi(jφη1,η2,η3 >< jφη1,η2,η3 >), trAiAj(jφη1,η2,η3 >< φη1,η2,η3j) are independent
of parameters η1, η2, η3. However the \generic" pure states in this family are
entangled and LOCC-incomparable. This gives stronger evidence that it is
hopeless to characterize the entanglement properties of pure states in multi-
partite quantum systems by only using the eigenvalue spetra of their partial
traces.
LetH = H3A1⊗H3A2⊗H3A3 be a tripartite quantum system and jφη1,η2,η3 >=
1p
3
(jv1 > ⊗j1 > +jv2 > ⊗j2 > +jv3 > ⊗j3 >). This is a continuous family




(Pv1 + Pv2 + Pjv3) is a rank 3 mixed state in H
3
A1 ⊗H3A2 .
jφη1,η2,η3 > and jφη01,η02,η03 > are not equivalent under local unitary transfor-
mations if k(g(η1, η2, η3)) 6= k(g(η01, η02, η03)), since their corresponding traces




from Theorem 10. Hence the \generic" members of this family of pure states
in tripartite quantum system H are enatngled and LOCC-incomparable from
Theorem 1 in [9].
We can also consider the following continuous family of Hamiltonians de-
pending on 3 real parameters, Hη1,η2,η3 = Pv1 + Pv2 + Pv3 . As calculated
above, V 2A(Hη1,η2,η3) is just the elliptic curve in CP







r1r2r3 = 0. The elliptic curve V
2
A(Hη1,η2,η3) is not isomorphic to
the elliptic curve V 2A(Hη01,η02,η03) if k(g(η1, η2, η3)) 6= k(g(η01, η02, η03)). Thus we
have the following Corollary of Theorem 9.
Corollary 3. Hη01,η02,η03 cannot be simulated by Hη1,η2,η3 efficiently by us-
ing local unitary transformations,ie.,we cannot have Hη01,η02,η03 LU Hη1,η2,η3, if
k(g(η1, η2, η3)) 6= k(g(η01, η02, η03)), though the 3 nonzero eigenvalues of Hη1,η2,η3 , Hη01,η02,η03
and their partial traces are all 1.
9. Constructing entangled PPT mixed states
As mentioned in introduction, the rst several entangled PPT mixed states
were constructed in [25] based on Horodecki’s range criterion of separable
states, which asserts that a separable mixed state has to include suciently
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many \product vectors" in its own range (see [25],[28]). This range criterion
of separable mixed states was also the key point to construct PPT entangled
mixed states in the context of unextendible product base (UPB) studied by
C.H.Bennett, D.P.DiVincenzo,T.Mor, P.Shor, J.A.Smolin and T.M.Terhal
in [8] and [14].( We should mention that unextendible product base also
have other physical signicance \nonlocality without entanglement" , see
[8],[14],[28]). It is always interesting and important to have more methods
to construct entangled PPT mixed states. In this section , we give examples
to show how our criterion Theorem 3 can be used to construct (low rank)
entangled mixed states which are invariant under partial transposition (thus
PPT and bound entanglement) systematically.





1 0 ... 0 0 0 ... 0 0
0 1 ... 0 0 0 ... 0 0
.. .. ... .. .. .. ... .. ..
0 0 ... 1 0 0 ... 0 0
0 0 ... 0 2 0 ... 0 1
0 0 ... 0 0 2 ... 0 0
.. .. ... .. .. .. ... .. ..







0 1 1 ... 1 −1 0 0 ... 0 1
1 0 1 ... 1 0 0 0 ... 0 0
.. .. .. ... .. .. .. .. ... .. ..
1 1 1 ... 0 0 0 0 ... 0 0
−1 0 0 ... 0 0 1 1 ... 1 0
0 0 0 ... 0 1 0 1 ... 1 0
.. .. .. ... .. .. .. .. ... .. ..










,where E = (eij)1i,jm is a m  m real symmetric matrix (E = Eτ )
with e1j = ej1 = 0 except e11 and e11 = 
m








τ ), and A4 = (I2m, 0). Set A be the 8m (2m + 1)
matrix with 4 blocks A1, A2, A3, A4 and its rows corresponding to the base
fj11 >, ...j1, 2m >, ..., j41 >, ..., j4, 2m >g. Let ρ = 1
D
A(A)τ be a mixed
state on H . It is clear that ρ is a rank 2m+ 1 mixed state on H .
Proposition 6. ρ is invariant under partial transpose and hence PPT
automatically.






τ for any indices
i, j 2 f1, 2, 3, 4g. Thus the conclusion follows immediately.
For the purpose to use Theorem 3, we need to calculate iriAi, which is






,where α = (r2, 0, ..., 0)
τ , β = (r1, 0, ..., 0)
τ are m dimension column vectors,
R1, R2, C are mm matrices, C has its only nonzero entry −r2 at 11 posi-




r1 + r4 + e11r3 r2 r2 ... r2
r2 r1 + r4 + e22r3 r2 + e23r3 ... r2 + e2mr3
r2 r2 + e32r3 r1 + r4 + e33r3 ... r2 + e3mr3
.. .. .. ... ..







2r1 + r4 + e11r3 r2 r2 ... r2
r2 2r1 + r4 + e22r3 r2 + e23r3 ... r2 + e2mr3
r2 r2 + e32r3 2r1 + r4 + e33r3 ... r2 + e3mr3
.. .. .. ... ..




If we plus the (2m+ 1)-th column to the (m+ 1)-th column and plus the
r2/r1 times of the (2m + 1)-th column to the 1st column in (23), we get a
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matrix of the following form. Here we should note that all statements and


































































































































the ane chart C3 of CP 3 dened by r1 6= 0.
Proposition 7. If V 2m−1A (ρ) \ C3’s codimension is at least 2, then the
algebraic set S = f(r02, r03, r04) 2 C3 : detR01 = detR02 = 0g is the sum of some
irreducible components of V 2m−1A (ρ) \ C3.
Proof. It is clear that S  V 2m−1A (ρ) and codim(S)  2, thus the con-
clusion follows immediately.
Now we can construct rank 2m+ 1 entangled PPT mixed state on H =
H4A⊗H2mB . If the two conditions a)the codimension of V 2m−1A (ρ)\C3’s is at
least 2 and b)there is at least one irreducible component of S is not linear,







4 have no common factor, the condition of a) is fullled. This is
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certainly valid for generic parameters eij ’s. On the other hand the condi-
tion b) is an algebraic condition, thus if it is satised by some special values
of parameters, it is valid for generic parameters. For the convenience, we
set e22 = ... = emm = e , all eij’s for i 6= j take the same value e0 and
e11 = (m− 1)e0 + e. In this case r04 − r02 + (e− e0)r03 + 2 = 0 is an irreducible
component of the hypersurface detR02 = 0 in C
3. On the other hand it is
clear that under these conditions of parameters and r04−r02+(e−e0)r3+2 = 0




3 is irreducible for generic parameters e and e
0.
Thus we know that the conditions a) and b) are valid for generic (or ran-
domly choosen) parameters eij ’s. For the special case of m = 3 we refer to
our paper [12] for explicit calculation. Now we have the following result.
Theorem 11. The mixed states ρ’s, which are invariant under partial
transposition, are entangled for generic parameters.
It is clear the method used in this example can be generalized to con-
struct more such bipartite entangled mixed states which are invariant under
partial transpositions.
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